
Besides we also want to take this chance to introduce

some new concepts

exponential map new

curvature tensor a generalizationof Riem 2 tens on

21
principal bundle a generalization of vector bundle

representation

Due to time limit we can only touch a bit for each one

bullet above

1 Tangent spaceof G Lie algebra

Notation ee G unit ten

g G G left multiplication by g denteby Lg



Def Fix any Vf Te G define a vector field on G by

X'y Lg e u or digle ul

atTgG
recall Lg Te G TgG

1 14 É
go

I
G

observation on X

K he G consider La G G then for X at g f G

kIL XG Ln Lg Lg e v

ThugG Kh Lg e u



hg e u X hg

In other words LatX X forany he G

Therefore X defined by Def above is also called a Kant
veetenfield generatedby v E TeG

Runt One can define a vector field X E P TGI left invariant

if it satisfies La g Rig X hg tt nnenen the definition

is redundant since
any left invariant

vector field X must

be in the form X X for some UE Teg ble

X g Lytle Xcel Ag

ie X is uniquely determined by X
e u

I left invariant v f on G I 3 V E Te G



Dante by g I left in v f s on G Teg RUG
vectorspace

or adinaG

Interestingly then exist an additional structure on g Con Tea

Pry If X Y are left in V fs on Ge then CX Y is also

a left in u f on G

if By Mitdenn Exam Ln X Y 44 11,44 141 9 Y D

X X where V X e

Y YW when we Y e
B X Y when u x y ly

Then define C on G by

Lu WJ u

where u u u are given as above



Def A lie algebra is a vector space V equipped with a

Cover Rore over crore

bi linear operation Ux v V satisfying

V W u u e x X O V X EV

U u u t V Cw up w any o
E Jaw hi identity

A Lie subalgebra is a linear subspace W E U sit C is closed

on W i.e Wi Wa e W if we wit W

W C lw itself is a lie algebra

A Lie algebra homomorphism F W C Jw V C u is a

knap St Fluid Fluid F wi wi w

Ruf Ker F and im F are lie subalgebras
A lie algebra isomorphism is a lie alg homomphism bijective



One should view C defines a product into V so

a lie algebra combines linear and gnytheny

of Lie group
combines swiveled and gray theory

Evant
For any mfd M P TM 3 vector finale on M

is a lie algebra where C is the bracketof vector feeds
dependingon the
connectionFor a lie gimpG I left in vectorfeeds on a f g

chosen
man

in a lie
subalgebra of Pl Tar went bracket E

Man IR S ne n matrices over IR I IR by

A aj is i jen
an an Ann

I



Define A B A B B A

Then A B c B c Aj g copy o x
h directly expandingout all terms

one can equip an n
ÉhLie algebra str by identify at 112h

with a matrix Ala a Maan 112 then

a b Ala Alby a vector in Rn

Rut often one can equip any vector space V a lie algebra str

by assigning 20 This is called the abelian lie algebra str

Give a Lie group G

g Te G I left inv vector fade on a

is a lie algebra Cu w X XY e

Usually G tr ga is called the lie algebra of G



Computing Lie algelm go of a lie guy G is a basic

knowledge in swath unfed

Exact 0 R t Lie gimp and left multiplication lg is

Lynx
xt g g e A

x identity
t IR nan matrix

them forany ve T Rn In we have

X g Lg e v a v v d
this is a

constant vertu freed

Xu Xu 0

So gun C R C 3 0 an abelian lie af str

T S x x s
am

Lie group str 01 Q 9 ra omg Egg



In particular Lg Ix xt
g mud 1 g e

A

o o E T

Then similarly as above Gan C R C 3 0

Rink Simply fwm he algebra one won't tell what the lie
gimp

is Later we will see a more surprising result

Slogan Liealgebrago inherit 8 4 many propertiesfrom lie gimp G

dg GLLn.IR E Man R a lie guy with matrix multiplication

compute it lie algebra gain Tagline IR
viewed as amatrix

For V Vij E Ta Glenn
basisofint

x A KYIV im ACATII A V yidableindexO

E Ta Ghar EE tikVkj Ex.j



Then for u W e Ty GL n R we have

XY X
I 1,5 Airrig Eg Eg Aprwry Fig

EjAikKjWig Eg Ej IgAprwrqVaj Epswitch jig

by i
redent

I
g Iggy vigwaj wigVail j

Then evaluate xx at 1 e Aik yo II
u W X X A

Vigway W'quay Eg ex matrix e Manar
by un Wr

Summary
Lie algebra str on TyGlen.ir is the angler of Glen.IR



Notation the lie algebraof Lie group Glen k is dented by

glair R C Latex
commutator

Ex Prove compute the following lie algebra

9 sunup SI la 112 AE glca.IR I tra o

Soon Ou Ae gl n R ATTA o

Island si ne 3 A egle I traco
Suni u n I Aeg ne Attatggsetanigatie

Gsppy Spend 4 Ae glln.IR ATT JA o



e g If G is an abelian lie guy then its lie algebra go admits
an abelian lie Str i.e C D

I Consider inverse map inv G G by g ni g

G is an abelian gimp
inv is a lie guy homomorphism

isomorphism

Yc inv gh in hg hg i
g ht ing inuch

Then the pushforward inv e Te G Teg ke inlet e

g g
and explicitly ve Te G g

inutile u fig fettle le try e

Therefore tu we Teg g

u w Curle e Law
inv e XuXu el Linux X inv xu le

E Xu WJ e vWy Law O



eg If 4 G H is a lie group homomorphism then

dy e JakTegG 9 f Tent is a lie algebra homomphism

Exe Pme the claim above

lumphimIn a categinal language Lie cat of Lie gimp
a
Mr temp

lie cat of lie agebaga
Mm lie algebra

homomplan

Then I delle is a functor fam lie to lie

As a concrete example consider for fixed ge G

Ug G G by Clg Lg Rg i
so Clg x 9 9

1 This is a lie group homomorphism iso

Then dog e go go is a lie algebra homomphism

Take G Glen K Let us compute dog explicitly



dug let Ap date letting l e g A g
glln.ir thx multiplication

This is a linear transformation for each gegcca.ir on vectorspanglen.ir

Def A leptin of a given lie gimp G is a lie

group homomphism pi G Gl v for some vectorspace V
collettiof linear
transformationofV

e
g Given a lie group G via Cl or above one can construct
a lie group rep F Cl G Gt 9 it in a homo

by

g to ply dog e
the chain me
of pushforward

The representation is called the adjoint representation of G
dented by Adg f deglies



e

g Euclidean group E n IR A Ocn where the pudu t str

Imidirect production
is V A W B u Aw A B

where Ela action R by v A x Ax of
shh

rotation includingreflection

Rink Euclidean group is the isometry gimp of Euclidean space writ
the distance metric

Ecu is a lie group b c semi direct product of two lie
groups

is a Lie group

Consider p Elul GL RM Glatt IR by

P IV Al I Y
Then p Lu A LuvBil

A
Tfw EY PY fluAll pin B



Reference recommended Savage Quivers and the Euclideangroup

Rat A Ilie gmp rep I called faithful if it is injective
e

g For Glen R the adjoint rep Adg l J g i i g i is faithful
In general adjoint rep may not be faithful

e
P Elu Glatt k is faithful

is
Ceding

Back to the adjoint rep Ad G GLCg observe that
book G and al lg are lie group again and Ad is a lie

guy homomorphism then
passing to

the pushforward

dad e Te G g Ta Gllg gl g
9This is a lie algebra hominyhoism lineartrafomatim
of vertu spareg

Let us compute d Ad e



for any ve g ya
lineartrantometan

or a matrix

d Hd e u It Adletttttel identitymap

stephere is wtf da f dithery
identity

completelysatisfying
Sime et tu does
not makesense in ageneralguy V C C l V

In other words Cd Ad ie r W u w

One usually denote d Ad ie by ad so we get ad g glig
This is called the adjoint representationofliealgett g
In general one can define an adjoint rep of a lie ageing as

a lie algebra homomorphism p g gl r for some vector spacer
9

viewed as lineartransformation
equipped with C J as matrix commutator



Recall Ado Iwasawa's Thur in earlier notes 9 29 2024 first notes Paget

itfayi ante group G can embed into Glen IR

The reality is

ThurlAdoIwasana Every fd real lie algebra g admit a faithful
finite din't representation i.e In sit g I gl Rn
Related to a lie group G one can take g e ga

if Whitney
Any f d real lie algebrag I anisub

algebraof gl rn enfeddy

Rink Interestingly not every f d real lie gimp embeds into Glen na
via a lie group refresentation leg Sta see Exe 21 af in Lee's
fat book

Question G g go how about ga G


